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Abstract 
Topp, J. and L. Volkmann, On packing and covering numbers of graphs, Discrete 
Mathematics 96 (1991) 229-238. 
In this paper we present a characterization of connected graphs of order (k + 1)n with 
k-covering number n, a characterization of trees in which the k-packing and k-covering 
numbers are the same, and we prove that the smallest number of subgraphs 
most k which cover the vertices of a block graph equals the k-packing number. 
of diameter at 
1. Introduction 
In this paper, we consider finite undirected simple graphs. For any undefined 
terms see [Ii]. Let G be a graph, we call V(G) the vertex set of G and denote by 
E(G) the edge set of G. For a subset X E V(G), G - X dw;tes the subgraph of 
G which is induced by V(G) - X. If E c E(G), G - E denotes the spanning 
subgraph of G with the edge set E(G) - E. We write G -x instead of G - (x} if 
x E V(G) U E(G). The distance between vertices VJ and u in a graph G is the 
number &(u, u) of edges in any shortest v - u path in G that joins ZJ and u; if u 
and u are not joined in G, we define d&, u) = 00. More generally, if X is a 
subset of the vertex set V(G) of G, then &(v, X) = min{d&, u): u E X}. The 
diameter d(G) of G is the maximum distance which occurs in G. For a vertex 
x E V(G), ZV&) is the set of ail vertices adjacent with SC in G. More generally, 
A/G(X) = lJx,xN,&) for a subset X of V(G). 
* This research was partially supported by the Heinrich Hertz Foundation and it was carried out 
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fixed positive integer. For a graph G, by Q(G) we denote the 
for which there exists a partition of the vertex set V(G) = VI U 
eclch set V;: induces a subgraph of diameter at most k. A subset 
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Let k denote a 
smallest integer n 
- - l U Vn in which , 
1 C_ v(G) is a k-packing of G if d&v, u) > k for every pair IJ and u of distinct 
vertices from I. The k-packing number of G is the number &k(G) of vertices in 
any maximum k-packing of G. A subset C E V(G) is a k-covering of G if 
&(t~, C) s k for every vertex v E V(G) - C. The k-covering number of G, 
denoted yk(G), is the number of vertices in any minimum k-covering of G. The 
k-packing number and k-covering number were first introduced by Meir and 
Moon in 1131. In that paper they studied the k-packing and k-covering numbers 
of trees. Generalizations of their results and generalizations of the k-packing and 
k-covering numbers are given in the excellent papers of Chang and Nemhauser 
[S, 61, in [7], and in a few other papers. The invariants al(G) and yl(G) are well 
known as the independence number and the domination number of a graph G, 
and they have been intensively studied, see the survey articles [ 121 and [14]. 
In this paper, we characterize connected graphs G of order (k + 1)n with 
y&3) = n, and trees T with yk( T) = (yk( 2’). We go on to show that for any block 
graph G, So = ak(G). Then we prove a theorem from which we can get an 
effective algorithm for determining the numbers ak(G), sk(G), a maximum 
k-packing, and a decomposition of a block graph G into sL(G) graphs each of 
diameter at most k. 
2. Relation between yk(G) and the order of G 
In this section we characterize the connected graphs G of order (k + 1)n with 
yk(G) = n. We will need the following results and notation. 
Proposition 1 [13]. If T is a tree on n 2 k + 1 vertices, then yk(T) s [n&k + l)] . 
Corollary 1. If G is a connected graph on n 2 k + 1 vertices arid T is a spanning 
tree of G, then yk(G) s y&T) s [n/(k i- 1)1. 
Proof. It is seen at once that yk(G) d yk(T) for every spanning tree T of G. 
Consequently, b+ Proposition i, y&) 6 yk(r) s [n/(k + l)]. 0 
From now on, for a graph G and a positive integer k we denote by G 0 k the 
graph obtained by taking one copy of G and 1 V( G)J copies of the path Pk_l of 
length k - 1, and then joining the ith vertex of G to exactly one end vertex in the 
ith copy of Pk_ *. It follows from the definition that G 0 k has exactly (k + 
1) (V(G)( vertices. If G is without isolated vertices, then G 0 k has exactly IV(G)1 
end vertices. For a vertex u of G we denote by fi the only end vertex of G ok 
which is at distance k from u. In addition, for a vertex v of Go k we denote by 
On packing and covering numbers of graphs 231 
t(v) a unique vertex of G such that v belongs to the t(v) - i(v) path. Note that 
G 0 1 is the corona G 4, of the graphs G and K, (see [ 1 I, p. 1671). 
heorem 1. For any graph H of order n, yk(Hok) = n. 
Proof. Assume that H is a graph on n vertices. Let D be a smallest k-covering of 
H ok. It is evident that the set V(H) containing n vertices is a R-covering of H ok. 
Thus 101 in and it is enough to observe that 1012 n. Let v bc a vertex of H. It 
follows from the structure of H ok that at least (and thus exactly) one vertex of 
the v - 6 path belongs to D. This implies I 012 n and finishes the proof. Cl 
Theorem 2. Let T be a tree on (k + I)n vertices. Then Y/((T) = n if and only if at 
least one of the following conditions holds: 
(1) T is any tree on k + 1 vertices; 
(2) T = R 0 k for some tree R on n 2 1 vertices. 
Proof. Let T be a tree on (k + 1)n vertices. Since yk( T) 2 1, it follows from 
Proposition 1 that yk(T) = 1 if T has k + 1 vertices. If T = R 0 k for some tree R 
on n vertices, then yk( T) = n by Theorem 1. 
Conversely, we shall show that T satisfies the conGi:ions (1) or (2) of the 
theorem if T is a tree of order (k + 1)n with yk( T) = n. We proceed by induction 
on n. The result is clear for n = 1. Suppose the result is true for trees of order 
(k + 1)n (n 2 1) and let T be a tree of order (k + l)(n + 1) with yk(T) = n + 1. 
We denote by d(T) = d the diameter of T, and by B = (v,, . . . , vd) any longest 
path in T. Since yk( T) = n + 12 2, it follows that d > 2k; for if d G 2k, then {v,}, 
where I= [d/2], would be a smallest k-covering of T and this would contradict 
the assumption yk( T) = n + 13 2. From this we conclude that each component of 
the graph T - v~v~+~ has at least k + 1 vertices. Let TI (T2, resp.) be the 
component of T - v~v~+~ which contains (does not contain, resp.) the vertex vA-. 
It follows from the choice of P that d,(v, vk) s k for each v E V( T,). Hence {vk} 
is a k-covering of TI and yk( TI) = 1. Now either T, = Pk or T, # Pk; we consider 
the two cases. 
Case 1: & # Pk. 
In this case, T2 has less than (k + 1)n vertices and yk( T2) c n by Proposition 1. 
Hence with the vertex v,, we get yk( T) < n -I- 1, a contradiction. This implies that 
we have 
&se 2: & = Pk. 
Then T2 has (k + 1)n vertices and it is easily seen that yk(Tz) = n. Thus, by the 
induction hypothesis, either T2 is a tree on k + 1 vertices if n = 1 or T2 = R ’ 0 k for 
some tree R’ on n vertices if n 2 2. 
First assume that T2 has k + 1 vertices. In this case T has (k + I)2 vertices. 
Since d = d(T) > 2k, T is a path on 2k + 2 vertices, T = P&+, . Hence T = I&o k 
and T satisfies (2). 
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Next assume that T2 = R’ CJ k, where R’ is a tree on n 3 2 vertices. We claim 
that vk +* is a vertex of the tree R’. Suppose, contrary to our claim, that 
u&+1 $ V(R’). Then r~~+~ belongs to the ~(Q+~P -7(~+~) path in T2 and 
ZJ~+~ #t(t~~+~). It is a simple matter to observe that (V(R’) - {?(u~+~)}) U {Q} is 
a k-covering of T and therefore y&P) s I(V(R’) - {t(v,+,)}) U {vk)l sn, 
contradicting our hypothesis. From this we see that u&+1 E V(R’). In addition, 
the subgraph R of 7’ induced by V(R’) U (zlk} is a tree. Because R” is a tree such 
that R’ok = T2, vk is an end vertex of the path Pk = Tt, and ZJ~V~+~ is a unique 
edge joining a vertex from 7” to a vertex from T2, we conclude that T = R ok. 
Thus 7’ satisfies the condition (2). The result follows by the principle of 
induction. El 
The result of 1heorem 2 for k = 1 has been obtained by Walikar, Acharya, and 
Sampathkumar (see Theorem 3.1.10 in [14]) and by Fink, Jacobson, Kinch, and 
Roberts [9]. The next result is given in [9] when k = 1. 
Theorem 3. Let G be a cOnnected graph of order (k + 1)n. Then yk(G) = n if and 
only if at least one of the following conditions holds: 
(1) G ti any connected graph on k + 1 vertices; 
(2) G = C&-z; 
(3) G = Ho k for some connected graph H on n vertices. 
i%oof. Suppose that G is a connected graph of order (k + 1)n. It follows easily 
from Corollary 1, simple observations, and Theorem 1 that Ye = 1 if G has 
k + 1 vertices, yk(G) = 2 if G = C X+2, and yk(G) =n if G = Hok and H has n 
vertices, respectively. 
It clearly sutices to prove the converse for n 2 2. Assume that G is a 
connected graph of order (k + 1)n such that yk(G) = n. We first prove that 
G=C2k+2 or G= P2k+l= K20k if n = 2. Suppose on the contrary that G is 
different from Czk+2 and P2k+l. Then G has a spanning tree, say T, which is not a 
path. Since T is not a path and has 2k + 2 vertices, its diameter d(T) = d is not 
greater than 2k. Let P = (v,,, . . . , Q) be any longest path in T and I = [d/2]. 
Then d*(v, I_+) c k for each vertex v of T and therefore {v,) is a k-covering of T. 
This implies that { vl} is a k-covering of G and yk(G) = 1, which is impossible. 
Thus, G = C2k+2 or G = K20k, and G has the desired properties. 
The proof will be completed by showing that G = Ho k for some connected 
graph H if n 3 3. In order to get this, let T be a spanning tree of G. It follows 
from Corollary 1 that yk( T) = n. Then, by Theorem 2, T = R 0 k for some tree R 
of order n. Moreover, the set V(R) containing n vertices is a smallest k-covering 
of G. Let pi be the subgraph of G induced by V(R). We claim that G = Hok. 
Suppose on the contrary that G # Wk. Then G contains two vertices v E 
V(G) - V(H) and u E V(G) such that vu E E(G) - E(Hok). There are two cases 
to consider. 
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Case 1: f(v) = t(u). 
Then k 3 2 and vu is a chord of the t(v) - 7(v) path. Choose any neighbor z of 
t(v) in R. Certainly, each vertex of the t(v) - S(v) path is at distance at most k 
from z. This makes it obvious that the set V(R) - (t(v)} of order n - 1 is a 
k-covering of G, a contradiction. 
Case 2: t(v) f: t(u). 
First suppose that &(v, t(v)) = dT(u, t(u)). Since n 3 3 and R is connected, 
there is a vertex z E V(R) - (t(v), C(U)) which is adjacent with t(v) or t(u), say, z 
is adjacent with t(v) in R. It is easy to verify that each vertex of the t(v) - 7(v) 
path is at distance at most k from z or u. Then it is easily seen that the set 
V(R) - {t(v), t(u)) U {u] containing n - 1 vertices is a k-covering of G, a 
contradiction. Therefore dT(v, t(v)) # dT(u, t(u)) and if without loss of generality 
dT(v, t(v)) > d&, t(u)), then we choose any neighbor z of t(v) in R. It again is 
easy to observe that each vertex of the t(v) - I(v) path is at distance at most k 
from z or t(u) and then one can check that the set V(R) - {t(v)} of order n - 1 is 
a k-covering of G, a contradiction. 
Since both Case 1 and Case 2 lead to contradictions, it follows that G = Ho k, 
which completes the proof. CJ 
3. Trees with equal k-packing and k-covering numbers 
The structure of graphs with equal l-packing and l-covering numbers has been 
studied in [4,15-161 (see also Theorem 3.1.10 in [14]). In this section we 
determine the set of all trees f#Jr which the k-packing and k-covering numbers are 
the same. The main theorem of this section generalizes the following results. 
Proposition 2 [4]. If T is a tree, then y,(T) = cu,(T) if and only if T = k’, or 
T = R 0 1 for some tree R. 
The following three results are relevant in this section. 
Proposition 3. For a graph G and a subset I of V(G), the following conditions are 
equivalent: 
(1) I is a maximal k-packing of G ; 
(2) I is a k-packing and a k-covering of G; 
(3) I is both a maximal k-packing and a minimal k-covering of G. 
The proof of Proposition 3 is essentially the same as that of Theorem 2 in i3, p. 
3091, so it will be omitted. The next two results can be quickly established from 
Proposition 3. 
(~oroliar~ 2. For every graph G IG (G) d Q(G). 
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Con, 3. If G is a graph with yk(G) = Q(G ), then every maximal k-packing I 
of G is a maximum k-packing and a minimum k-covering. 
meorem 4. If T is a tree, then Ye = cyk( T) = n if and only if one of the 
following statements hoUs : 
(1) T is a tree of diameter at must k ; 
(2) There exists a decompositbn of T into n subgraphs T,, . . . , T, in such a way 
that: 
(a) x is a tree of diameter k (i = 1, . . . , n ), and 
(b) for each iE (1,. . . , n>, there &~ts Ui E V(K) - V(To) such that 
dT(ui, V(T,)) = k, where G is the subgraph of T generated by the edges 
which &I not belong to any of the trees T,, . . . , T,. 
proof. Let T be a tree such that yk(T) = (Ye = n. It is obvious that the 
diameter d(T) = d of T is not greater than k if n = 1. Thus assume n a 2 and let 
P = (VQ, . . . , vd) be any longest path in T. Analysis similar to that in the proof 
of Theorem 2 shows that d > 2k. Let T’ (T”, resp.) be the component of 
T - QQ_+~ which contains (does not contain, resp.) the vertex ok. 
First we claim that y*(T’) = ai, = 1. It follows from the choice of P that 
(Q) is a k-covering of T’ and therefore yk(T’) = 1 s a&T’). It remains to prove 
that a*( T’) = 1. By contradiction, suppose that ak(T’) = m > 1. Let I’ be a 
k-packing of T’ such that [1’1= m and let I be a maximal k-packing of T such 
that I’ c I. By Corollary 3, (I( = n and I is a minimum k-covering of T. On the 
other hand, it is seen at once that the set (I - I’) U {vk} is a k-covering of T and 
I(2 - I’) U (vk}l s n - m + I < yG(T), a contradiction. This implies our claim. By 
the way, since CQ(T’) = 1 and T’ contains the v0 - vk path of length k, the 
diameter d(T’) = k and d&q,, v,J = k. 
Now we claim that yk( T”) b n - 1; for if yk( T”) < n - 1, then for any minimum 
k-covering P of T” the set I”U {v,> would be a k-covering of T and 
yk( T) s II” U {vk}) < n which is impossible. Furthermore, ~yk( T”) s n - 1; for if 
(Y&Y) > n - 1, then for any maximum k-packing J” of T” the set .I” U {vo} would 
be a k-packing of T and ak(T) 2 {I” U (v,)( > n which also is impossible. Hence, 
by Corollary 2, we get yk( T”) = ak(T”) = n - 1. 
After the above observations, by induction on n, we prove that T has property 
(2). First, if n = 2, then y&?“) = R&T”) = 1 and, SitlCe T” COntahS the Vk+i - Vd 
path of length at least k, we exactly have d(T”) = k and dT(vd, vk+l) = k. One 
sees immediately that the decomposition TI = T’, T2 = T” of T with u1 = v~, and 
u2 = vd satisfies (2). Second, if n 3 3, then the induction hypothesis implies that 
there exists a decomposition TI, . . . , 7L1 of T” into n - 1 trees with property 
(2). For convenience, let T;,’ (resp., TO) denote the subgraph of T” (resp., T) 
generated by the edges which do not belong to any of the trees T1, . . . , T,_, 
(resp., &, . . . , T, _ 1, T, = T’). We shall prove that the trees T, , . . . , T, have 
property (2) in T. Certainly, T,, . . . , T, form a decomposition of T into n trees of 
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diameter k. In order to prove that this decomposition satisfies the condition (b) of 
(2), without loss of generality we can assume that the vertex u&+1 belongs to the 
tree Tn-,. Then, since d&-,, V(T,)) = dT(q,, uk) = k and there exists ui E 
V(T) - V(T,“) such that d&, V(T,“)) = k (i = 1, . . . , n - l), it suffices to show 
that dT(i&-l, V(T,)) = k for some vertex fi,,_; E V(T,_,) - V(T,) = V(T,_,) - 
(V(G) u h+lH* s u PP ose to the contrary that d&, V(T,)) < k for each 
VJ E V(&). Then d&, A$(V(T,_,)) - V(T,_,)) sk for each v E V(T,_,). Since 
T is a tree, no two vertices of the set &(V(T,_,)) - V(T,_,) (cV(T,) - V(T,_,)) 
belong to the same tree T (i E { 1, . . . , n) - (n - 1)). Hence there exists a 
superset of N,(V(T,_,)) - V(T,_,), say I, such that 11 n V(l;r)l = 1 for i = 
1 * l 
(I: 1 
9 n. Let zi denote a unique vertex of 1 which belongs to the tree K 
n). We shall prove that I - {z~_ 1} is a k-covering of T. Let v be any 
verte; l b;’ T. If v E V(T,_,), then dT(u, I - {zn_,}) = d&v, NT(V(Tn_,)) - 
V( T,_,)) d k. If v E V(T) for some i E { 1, . . . , n} - {n - l}, then dr(v, I - 
{z&) sd,-(v, zi) d k since U, zi E V(T) and I; is a tree of diameter k. This 
implies that the set I - {r,_,} containing n - 1 vertices is a k-covering of T. This 
contradicts y&Q = n, and therefore our assertion follows. This proves the 
necessity of the conditions. 
The sufficiency is obvious if the diameter of T is not greater than k. If the 
diameter of T is greater than k, then assume that we have a decomposition of T 
into trees T1, . . . , T, satisfying (2). We shall prove that yk( 7’) = CY~(T) = n. Let I 
be any maximum k-packing of T. Since the distance between any two vertices of 
I;- is not greater than k (by (a)), at most one vertex of z belongs to I 
(i=l,..., n). Therefore n 2 1 II = Q(T). On the other hand, let J be any 
minimum k-covering of 7’. It follows from the property (b) of the decomposition 
L..., c of T that there is a vertex Ui in I;- such that dT(Ui, V(T) - V(K)) > 
k(i=l,..., n). Consequently, since dT(Ui, J) s k, at least one vertex of K 
belongs to J and therefore y&Y) = IJI an. Hence, by Corollary 2, Ye = 
ai, = n and this completes the proof. Cl 
4. k-Packing number and vertex-coverings by graphs of diameter at most k 
In this section we prove that the size of the maximum k-packing of a block 
graph G is equal to the minimum number of graphs of diameter at most k which 
cover G. Then we present a theorem from which we can get an effective 
algorithm for determining the numbers m,(G), s,(G), a maximum k-packing, and 
a decomposition of a block graph G into Q(G) graphs each of diameter at most i;. 
We will need the following definitions. For a given graph G, G” denotes the kth 
power of G, that is, the graph with the same vertices as 6, two vertices being 
adjacent in Gk when their distance in G is at most k. A graph G is called 
triangulated if every simple cycle of G of length greater than 3 possesses a chord. 
A graph G is a block graph if every block of G is complete. The clique covering 
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number 0(G) of a graph G is the smallest integer n for which there exists a 
partition of the vertex set I’(G) = V, U - - - U V’ such that each v induces a 
complete subgraph of G. It is easy to observe that a,(G) s 8(G) for every graph 
G. In [lo], Hajnal and Suranyi proved the following result. 
Proposition 4 [lo]. For any triangulated graph G, a,(G) = O(G). 
In [S], Duchet proved that if G” is a triangulated graph, then Gk+* is 
triangulated. This result applied to block graphs implies the next result due to 
Jamison (see [S, Cor. 6.91); the same result may also be obtained from 12, Th. l] 
and [S, Th. 2.21. 
Proposition 5. If G is a block graph, then G” is triangulated for each integer 
kal. 
Proposition 6. For any graph G, ok(G) ssk(G). 
Proof. Assume that I is a maximum k-packing of G. Let G, , . . . , Gs be a 
decomposition of G into s = sx-( G) graphs each of diameter at most k. Since 
d(4;i) d k, IZ n V(G,)I s 1 for i = 1, . . . , s. Therefore ak(G) = III= II n V(G)1 = 
IZ n &I V(G,)I = C;=, II f~ V(GJ ss = s,(G). Cl 
Theorem 5. For any block graph G, ~(6) = Q(G). 
Proof. It follows from the definition of G” that two vertices in Gk are not 
adjacent if and only if their distance in G is greater than k. This implies that a 
subset I of V(G) = V(G”) is a maximum k-packing in G if and only if it is a 
maximum l-packing in Gk. Hence ak(G) = a,(Gk). Moreover, since a subset X 
of V(G) induces in G a subgraph of diameter at most k if and only if it induces a 
complete subgrriph in Gk, we have Sk(G) = 8(Gk). The rest follows from 
Propositions 4 and 5. Cl 
The next result for trees when k = 1 has been announced in [ 11. 
Corolpary 4. For any block graph G, sZk(G) = yk(G). 
Proof. Since &2k(G) = yk(G) for any block graph G (see [5, Th. 4.11, [7, Th. 41, 
and [13, Th. 91 (for trees)), the result follows from Theorem 5. Cl 
eorem 6. Let T be a block graph with the diameter d(T) = d 2 k + 1 and 
Sk(T) = ok(T) = n. Assume that P = (v,, v,, . . . , vd) is any longest path without 
chords in T, let T be that connected component of T - ((Vi- 1) U (NT(ui+ 1) - 
(vi))) which contains the vertex vi of P; in addition, let T, be the subgraph induced 
On packing and covering numbers of graphs 237 
by the vertex vo, and Td = T - Ufi,’ V(T). A ssume that i. is the greatest integer i
such that dT(vor v) == k $or each vertex v E Ul_,, V(q), and dmote by T’ and T” 
the subgraph of T induced by U~L, V(T) and lJd+,,+, V(T), respectively. Then 
d(T) s k, Q(T)) = OX = 1, and s&F”‘) = CQ(T”) = n - 1. 
Proof. For convenience, let V,(K) be the set of vertices v E V(q) - {vi) such that 
the shortest v - v0 path joining v with v. does not contain the vertex 
v&E (1,. . . , d}). By V,(z) we denote the set V(T) - V,(T). 
First we prove that d(T’) G k. To prove this, it would suffice to show that for 
any pair a, 6 E V( T’) - {v,} we have dT(a, 6) 6 k. Without loss of generality we 
can assume that a E V( T,), b E V(T) and s 6 t s i,,. It follows from the choice of P 
and iO that dT(vS, a) s dT(u,, vO) and dT(b, vO) s k. Therefore we have d&b, a) = 
d,(b, v,+) + d&,-1’ vS) + d&’ a) 6 d,(b’ v,-,I + d&,-1’ 21,) + dT(v,, v,) = 
d,(b, v,) s k if s < t. If s = t, then we distinguish two cases: 
Case 1: Either a E V,(K) and b E V,(z) or a, b E V,( T,). Then d7(b, a) s 
d,(b, v,) + dT(vS, a) s d&b, vS) + d&’ vO) = dT(b, vO) s k. 
Case 2: a, b E V,(z). Let a’ (b’, resp.) be the neighbor of v, which belongs to 
the shortest v, - cz (~1, - 6, resp.) path. Certainly, d,(b’, a’) s 1 = dT(b’, v,-,) 
and d,(a’, a) s dT(vS_, vo). Therefore dr(b, a) c dT(b, 6’) + dT(b’, a’) + 
dT(a’, a) =Z d,(b, 6’) + d,(b’, us-,) + d&,_, , v,) = d&b, vO) 6 k. This implies 
that d(T’) G k. Hence sk( T’) = 1 = a~( T’) and, in addition, ak(T”) 3 n - 1. 
Next we prove that ai, = n - 1. In order to prove this, for a maximum 
k-packing J of T”, we denote by J(vO) the subset of J, where J(v,) = 
{v E J: d&,, 2. ‘) s k}. First, let us observe that if there were different vertices a 
and b in J(Q), then (in a similar manner as we have proved that d(T’) s k) we 
would get dT(a, 6) s k, which is impossible since J(Q) is a subset of a k-packing 
of T”. This implies that JJ(vO)l 6 1 for any maximum k-packing J of T”. We claim 
that J(v,) = fl for some maximum k-packing J of T”. Let J be a maximum 
k-packing of T’. If J(Q) = 0 then we are done. On the otner hand, if J(vo) # 8, 
let a be the unique element of J(Q), and assume that a E V(T,) for some s > iO. 
Since d,(a, q,) b k, the choice of P implies that dT(a, v) s k for each vertex 
v E &o V(K) (v E l_J:; V(T) U v,(K), resp.) if a E V,(z) (a E V,(z), resp.). 
Hence J- {a) cu~z,+l V(T) (J - {a} c V,(c) U lJf=S+l V(T), resp.) if a E 
V,(K) (a E V,( T,), resp.). It follows from the definition of i0 that there exists a 
vertex u. E V(Ko+,) such that dT(vO, u,,) = k + 1. We shall prove that Jo = (J - 
{a}) u { uo} is a maximum k-packing of T”. Since 1JOI = IJI and J - {a} is a subset 
of a k-packing, it remains to show that dT(uO, x) > k for each x E J - {a>. For 
convenience, we let d&i,,+l, uo) = I,, d&,+I, v,) = 12, and &(vs9 4 = 13. Then 
dT(vi,, uO) s I, + 1, I3 G dT(vS_, , a), and dT(v’,’ ~-1) = 12. Since &(% UQ) = 
dT(v0, vi,,) + dT(vi,,’ ~0) = k + 1 > k 3 dT(vo’ a) = dT(vQ, vi,,) + d~(vin* ‘j.q-I) + 
dT(vS_l, a), it follows that II + 13 dT(v’,,, u,,) >d~(vi;,’ %-1) + d7XVs-1 a) 2 
I2 + Z3 and this implies that I, + l2 3 13. Let x be any vertex from J - (a). 
Then d&, a) = d&, us) + l3 > k and therefore &(x, ~0) = d&x’ V,‘, + It + 12 2 
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&(x., v,) + Z3 > k. This implies that the set I., :s a maximum k-packing of T” and 
certainly ,I,(v,J = fd. Furthermore, we have q( T”) = j&l = n - 1; for if were 
1 &la n, then the set JO U (v,,} would be a k-packing in T wit JJ,, U (v,,} 1 > n = 
Q(T) which is impossible. Then, by Theorem 5. we have sk( Y) = n - I. This 
completes the proof. 0 
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